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Produced with pdflatex and xfig

• Distinguishable states of qubits.

• Overlaps.

• Bra-ket algebra.

• Measuring one of n qubits.

• Projective measurement.

• Rotation by state preparation.

• Eigenspace measurement.
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Distinguishable One-Qubit States

• ψ〉 and φ〉 are distinguishable if for some unitary U ,
U ψ〉 = 0〉 and U φ〉 = 1〉.

U b0/1
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• ψ〉 and φ〉 are distinguishable if for some unitary U ,
U ψ〉 = 0〉 and U φ〉 = 1〉.

ψ〉 U ψ〉 = 0〉 b = 0
U b0/1
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• Distinguishable states of one qubit are antipodal.
. . . by universality of rotations.
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Distinguishable One-Qubit States

• ψ〉 and φ〉 are distinguishable if for some unitary U ,
U ψ〉 = 0〉 and U φ〉 = 1〉.

ψ〉 U ψ〉 = 0〉 b = 0

φ〉 U φ〉 = 1〉 b = 1

U b0/1

• Distinguishable states of one qubit are antipodal.
. . . by universality of rotations.

• Distinguishable states are orthogonal.
. . . by unitarity of U .

Write ψ〉 = α 0〉+ β 1〉 and φ〉 = γ 0〉+ δ 1〉.

ψ〉 ⊥ φ〉 iff
(ᾱ, β̄)

(
γ

δ

)
= 0
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Bra-Ket Algebra

• Need to be able to “dagger” kets.

ψ〉 ⊥ φ〉 iff ( ψ〉)† φ〉 ≡ (ᾱ, β̄)
(
γ

δ

)
= 0
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Bra-Ket Algebra

• Need to be able to “dagger” kets.

ψ〉 ⊥ φ〉 iff ( ψ〉)† φ〉 ≡ (ᾱ, β̄)
(
γ

δ

)
= 0

Write 〈ψ .= ( ψ〉)†. Meaning derived from:

• Bra-ket rules.
0〉† = 〈0 , 1〉† = 〈1 .(
α ψ〉+ β φ〉

)† = ᾱ〈ψ + β̄〈φ .
〈a b〉 .= 〈a b〉 = δba.
Product distributes over addition.
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(
γ

δ

)
= 0

Write 〈ψ .= ( ψ〉)†. Meaning derived from:

• Bra-ket rules.
0〉† = 〈0 , 1〉† = 〈1 .(
α ψ〉+ β φ〉
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)† = ᾱ〈ψ + β̄〈φ .
〈a b〉 .= 〈a b〉 = δba.
Product distributes over addition.

Example: ψ〉 = α 0〉+ β 1〉, φ〉 = γ 0〉+ δ 1〉
〈ψ φ〉 = 〈ψ φ〉 = ( ψ〉)† φ〉

= (α 0〉+ β 1〉)† φ〉
= (ᾱ〈0 + β̄〈1 ) φ〉



2
←|Top|Bot|→|�|TOC

Bra-Ket Algebra

• Need to be able to “dagger” kets.

ψ〉 ⊥ φ〉 iff ( ψ〉)† φ〉 ≡ (ᾱ, β̄)
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)† = ᾱ〈ψ + β̄〈φ .
〈a b〉 .= 〈a b〉 = δba.
Product distributes over addition.

Example: ψ〉 = α 0〉+ β 1〉, φ〉 = γ 0〉+ δ 1〉
〈ψ φ〉 = 〈ψ φ〉 = ( ψ〉)† φ〉

= (ᾱ〈0 + β̄〈1 )(γ 0〉+ δ 1〉)



2
←|Top|Bot|→|�|TOC

Bra-Ket Algebra

• Need to be able to “dagger” kets.

ψ〉 ⊥ φ〉 iff ( ψ〉)† φ〉 ≡ (ᾱ, β̄)
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)† = ᾱ〈ψ + β̄〈φ .
〈a b〉 .= 〈a b〉 = δba.
Product distributes over addition.

Example: ψ〉 = α 0〉+ β 1〉, φ〉 = γ 0〉+ δ 1〉
〈ψ φ〉 = 〈ψ φ〉 = ( ψ〉)† φ〉
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(
γ

δ

)
= 0

Write 〈ψ .= ( ψ〉)†. Meaning derived from:

• Bra-ket rules.
0〉† = 〈0 , 1〉† = 〈1 .(
α ψ〉+ β φ〉
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= ᾱγ〈0 0〉︸︷︷︸
1

+ β̄γ〈1 0〉︸︷︷︸
0
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)† = ᾱ〈ψ + β̄〈φ .
〈a b〉 .= 〈a b〉 = δba.
Product distributes over addition.

Example: ψ〉 = α 0〉+ β 1〉, φ〉 = γ 0〉+ δ 1〉
〈ψ φ〉 = 〈ψ φ〉 = ( ψ〉)† φ〉
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Bra-Ket Algebra

• Need to be able to “dagger” kets.

ψ〉 ⊥ φ〉 iff ( ψ〉)† φ〉 ≡ (ᾱ, β̄)
(
γ

δ

)
= 0

Write 〈ψ .= ( ψ〉)†. Meaning derived from:

• Bra-ket rules.
0〉† = 〈0 , 1〉† = 〈1 .(
α ψ〉+ β φ〉

)† = ᾱ〈ψ + β̄〈φ .
〈a b〉 .= 〈a b〉 = δba.
Product distributes over addition.
For labeled systems: ψ〉†

A
= A〈ψ .

Labeled expressions involving disjoint systems commute.
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Ket-Bra Expressions

• Ket-Bra expressions are operators.
Example: Apply 0〉〈0 − 1〉〈1 to states.
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• |overlap|2 is the prob. of detecting φ〉 if the state is ψ〉.
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where ψ0〉S and ψ1〉S are states.
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prob.=|α|2

a=0

ψ0〉S

prob.=|β|2

a=1

ψ1〉S

• Computing the probabilities.

prob(a = b) = |A〈b φ〉
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|2

= AS〈φ b〉
A

A〈b φ〉
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Check: A〈0 φ〉
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= A〈0
(

0〉
A

(
α ψ0〉S

)
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A

(
β ψ1〉S

))
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A

(
α ψ0〉S

)
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A

(
β ψ1〉S

)
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Measuring One Qubit Among Many
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{
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AS
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(
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)
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A

(
β ψ1〉S

)
prob.=|α|2

a=0

ψ0〉S

prob.=|β|2

a=1

ψ1〉S

• Bra-ket expression for measurement?

meas(Z 7→a) = (07→a)A〈0 + (17→a)A〈1
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:

meas(Z 7→a) φ〉
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= (07→a)α ψ0〉S + (17→a)β ψ1〉S.
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meas(Z 7→a) = (07→a)A〈0 + (17→a)A〈1

Effect when applied to φ〉
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= (07→a)α ψ0〉S + (17→a)β ψ1〉S.
. . . classically labeled sum of unnormalized states.
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)
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(
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)
prob.=|α|2

a=0

ψ0〉S

prob.=|β|2
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ψ1〉S

• Bra-ket expression for measurement?

meas(Z 7→a) = (07→a)A〈0 + (17→a)A〈1

Effect when applied to φ〉
AS

:

meas(Z 7→a) φ〉
AS

= (07→a)α ψ0〉S + (17→a)β ψ1〉S.
. . . classically labeled sum of unnormalized states.

• Unnormalized state conventions. Consider ω〉 with 〈ω ω〉 6= 1.
1. The intended state is 1√

〈ω ω〉
ω〉

2. Amplitude meaningful? Then the state occurs with probability 〈ω ω〉.
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Projective Measurement

• Projective or Von Neumann measurement of σz.

0/1

a

ψ〉 = α 0〉+ β 1〉

prob.=|α|2

a=0

0〉∝
0〉〈0 ψ〉

prob.=|β|2

a=1

1〉∝
1〉〈1 ψ〉
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• Projective or Von Neumann measurement of σz.

0/1

a

ψ〉 = α 0〉+ β 1〉

prob.=|α|2

a=0

0〉∝
0〉〈0 ψ〉

prob.=|β|2

a=1

1〉∝
1〉〈1 ψ〉

P1 = 0〉〈0 , P2 = 1〉〈1 : Measurement projection operators.
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• Projective or Von Neumann measurement of σz.
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1〉〈1 ψ〉

P1 = 0〉〈0 , P2 = 1〉〈1 : Measurement projection operators.
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2
i = Pi, P1 + P2 = 1l.
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+ β 1〉
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Projective Measurement

• Projective or Von Neumann measurement of σz.
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ψ〉 = α 0〉+ β 1〉

prob.=|α|2

a=0

0〉∝
0〉〈0 ψ〉

prob.=|β|2

a=1

1〉∝
1〉〈1 ψ〉

P1 = 0〉〈0 , P2 = 1〉〈1 : Measurement projection operators.
Pi = P †i , P

2
i = Pi, P1 + P2 = 1l.

• Implementation with destructive measurement.
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A
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M
1〉

A



11
←|Top| |→|�|TOC
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• Projective or Von Neumann measurement of σz.
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0〉∝
0〉〈0 ψ〉
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1〉〈1 ψ〉

P1 = 0〉〈0 , P2 = 1〉〈1 : Measurement projection operators.
Pi = P †i , P

2
i = Pi, P1 + P2 = 1l.

• Implementation with destructive measurement.

a0/10
M

A
α 0〉

A
+ β 1〉

A

0〉
M

(
α 0〉

A
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Rotations by State Preparation and Measurement

• X90◦ using iπ/4〉 = 1√
2

(
0〉 − i 1〉

)
.

H a0/1

A

M1√
2
( 0〉 − i 1〉)

ψ〉
A
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Rotations by State Preparation and Measurement



13
←|Top|Bot|→|�|TOC

Rotations by State Preparation and Measurement

• X45◦ using iπ/8〉 = cos(π/8) 0〉 − i sin(π/8) 1〉.
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M
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ψ〉
A



13
←|Top|Bot|→|�|TOC

Rotations by State Preparation and Measurement

• X45◦ using iπ/8〉 = cos(π/8) 0〉 − i sin(π/8) 1〉.

H

X
90

a0/1

A

M
iπ/8〉

ψ〉
A

cos(π/8) 0〉
M
ψ〉

A
− i sin(π/8) 1〉

M
ψ〉

A



13
←|Top|Bot|→|�|TOC

Rotations by State Preparation and Measurement

• X45◦ using iπ/8〉 = cos(π/8) 0〉 − i sin(π/8) 1〉.

H

X
90

a0/1

A

M
iπ/8〉

ψ〉
A

cos(π/8) 0〉
M
ψ〉

A
− i sin(π/8) 1〉

M
ψ〉

A

cos(π/8) 0〉
M
ψ〉

A
− i sin(π/8) 1〉

M
σx

(A)
ψ〉

A



13
←|Top|Bot|→|�|TOC

Rotations by State Preparation and Measurement

• X45◦ using iπ/8〉 = cos(π/8) 0〉 − i sin(π/8) 1〉.

H

X
90

a0/1

A

M
iπ/8〉

ψ〉
A

cos(π/8) 0〉
M
ψ〉

A
− i sin(π/8) 1〉

M
ψ〉

A

cos(π/8) 0〉
M
ψ〉

A
− i sin(π/8) 1〉

M
σx

(A)
ψ〉

A

1√
2
cos(π/8)( 0〉

M
+ 1〉

M
) ψ〉

A

− i√
2
sin(π/8)( 0〉

M
− 1〉

M
)σx

(A)
ψ〉

A



13
←|Top|Bot|→|�|TOC

Rotations by State Preparation and Measurement

• X45◦ using iπ/8〉 = cos(π/8) 0〉 − i sin(π/8) 1〉.

H

X
90

a0/1

A

M
iπ/8〉

ψ〉
A

cos(π/8) 0〉
M
ψ〉

A
− i sin(π/8) 1〉

M
ψ〉

A

cos(π/8) 0〉
M
ψ〉

A
− i sin(π/8) 1〉

M
σx

(A)
ψ〉

A

1√
2
cos(π/8)( 0〉

M
+ 1〉

M
) ψ〉

A

− i√
2
sin(π/8)( 0〉

M
− 1〉

M
)σx

(A)
ψ〉

A

= 1√
2

0〉
M
(cos(π/8)1l−i sin(π/8)σx

(A)) ψ〉
A

+ 1√
2

1〉
M
(cos(π/8)1l+i sin(π/8)σx

(A)) ψ〉
A



13
←|Top| |→|�|TOC

Rotations by State Preparation and Measurement

• X45◦ using iπ/8〉 = cos(π/8) 0〉 − i sin(π/8) 1〉.

H

X
90

a0/1

A

M
iπ/8〉

ψ〉
A

cos(π/8) 0〉
M
ψ〉

A
− i sin(π/8) 1〉

M
ψ〉

A

cos(π/8) 0〉
M
ψ〉

A
− i sin(π/8) 1〉

M
σx

(A)
ψ〉

A

1√
2
cos(π/8)( 0〉

M
+ 1〉

M
) ψ〉

A

− i√
2
sin(π/8)( 0〉

M
− 1〉

M
)σx

(A)
ψ〉

A

= 1√
2

0〉
M
(cos(π/8)1l−i sin(π/8)σx

(A)) ψ〉
A

+ 1√
2

1〉
M
(cos(π/8)1l+i sin(π/8)σx

(A)) ψ〉
A

(a : 0) 1√
2
X45◦ ψ〉A

+ (a : 1) 1√
2
X45◦ ψ〉A



14
←| |Bot|→|�|TOC

Eigenvalues, Eigenvectors

• Let U be a unitary operator.
U is diagonalizable, U =

∑
j e
−iλj ψj〉〈ψj ,

with ψj〉 orthonormal.
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Eigenvalues, Eigenvectors

• Let U be a unitary operator.
U is diagonalizable, U =

∑
j e
−iλj ψj〉〈ψj ,

with ψj〉 orthonormal.U
u11 u21 . . . uN1

u12 u22 . . . uN2
... ... . . . ...

u1N u2N . . . uNN

 =

V D V †
v11 v12 . . . v1N

v21 v22 . . . v2N
... ... . . . ...

vN1 vN2 . . . vNN




e−iλ1 0 . . . 0
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... ... . . . ...
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U ψj〉 = V DV V † j〉 = V D i〉 = e−iλjV i〉 = e−iλj ψj〉
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• Let U be a unitary operator.
U is diagonalizable, U =

∑
j e
−iλj ψj〉〈ψj ,

with ψj〉 orthonormal.U
u11 u21 . . . uN1

u12 u22 . . . uN2
... ... . . . ...

u1N u2N . . . uNN

 =
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v11 v12 . . . v1N
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v̄11 v̄21 . . . v̄N1

v̄12 v̄22 . . . v̄N2
... ... . . . ...

v̄1N v̄2N . . . v̄NN


There is a complete set of eigenvectors ψj〉 = V j〉.
U ψj〉 = V DV V † j〉 = V D i〉 = e−iλjV i〉 = e−iλj ψj〉

• Projective measurement of the eigenvalues of U?
For distinct eigenvalues: ψ〉 →

( ∑
j

(
λj 7→a

)
ψj〉〈ψj

)
ψ〉
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Projective Eigenvalue Measurement

• Phase kickback for projective eigenvalue measurement.
Assume:
U conditionally implementable.
U =

∑
j e
−iλj ψj〉〈ψj with ψj〉 orthonormal.

min(|λi − λj|) > ε.
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• Phase kickback for projective eigenvalue measurement.
Assume:
U conditionally implementable.
U =

∑
j e
−iλj ψj〉〈ψj with ψj〉 orthonormal.

min(|λi − λj|) > ε.

X
90

Y
90

U

0/10

t2
∑

j αj ψj〉


∑

j

(
a:λ′j

)
αj ψj〉

Requires O(log(1/ε) log log(1/ε)) measurements.
Can implement '

∑
j

(
λ′j 7→ a

)
ψj〉〈ψj with λ′j = λj ± ε/2.
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